Solution of Leray's problem for stationary 
Navier-Stokes equations in plane and axially 
symmetric spatial domains* 

Mikhail V. Korobkovj Konstantin Pileckas^ and Remigio Russo^ 

February 5, 2013 

Abstract 

We study the nonhomogeneous boundary value problem for the 
Navier-Stokes equations of steady motion of a viscous incompress- 
ible fluid in arbitrary bounded multiply connected plane or axially- 
symmetric spatial domains. We prove that this problem has a solu- 
tion under the sole necessary condition of zero total flux through the 
boundary. The problem was formulated by Jean Leray 80 years ago. 
The proof of the main result uses Bernoulli's law for a weak solution 
to the Euler equations. 
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1 Introduction 



Let 

N 

n = no\{[j^,), n,Gno,j = i,...,N, (i.i) 

be a bounded domain in MJ^, n = 2, 3, with C^-smooth boundary dQ = 
UjLqTj consisting of + 1 disjoint components Tj = dQj, j = 0,. . . ,N. 
Consider the stationary Navier-Stokes system with nonhomogeneous boun- 
dary conditions 

-z/Au+ (u- V)u + Vp = f in Q, 

div u = in fi, (1.2) 
u = a on dVl. 

The continuity equation (11. 2b ) imphes the compatibihty condition 

/ a-n(is = ^^ / a ■ nrfs = J-'j = (1.3) 



an 



3=0 r. J=0 



necessary for the solvabihty of problem (11.21) , where n is a unit outward (with 
respect to Q) normal vector to dQ and J^j = /p a ■ ndS. Condition (11.31) 
means that the total flux of the fluid through dQ is zero. 

In his famous paper of 1933 ^21j Jean Leray proved that problem (II. 2p 
has a solution providecll] 



JT,- = / a-nc/^ = 0, j = 0, 1, . . . , A^. (1.4) 



The case when the boundary value a satisfies only the necessary condition 
(ll.3p was left open by Leray and the problem whether (II. 2p . (11.30 admit 
(or do not admit) a solution is know in the scientific community as Leray 's 
problem. 

Leray's problem was studied in many papers. However, in spite of all 
efforts, the existence of a weak solution u G W^''^{Q) to problem (11.20 was 



^Condition (|1.4|) docs not allow the presence of sinks and sources. 
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established only under assumption (11. 4p (see, e.g., [2T], [19], [20], [32], [T2]). 
or for sufficiently small fluxes | (see, e.g., [7],[S],[in],[n],[2],[2B],[2n], 

[17j). or under certain symmetry conditions on the domain Q and the bound- 
ary value a (see, e.g., [I], [30], [S], [21], [26], [27]). Recently [H] the existence 
theorem for (11.21) was proved for a plane domain Q with two connected com- 
ponents of the boundary assuming only that the flux through the external 
component is negative (inflow condition). Similar result was also obtained 
for the spatial axially symmetric case [I6]. In particular, the existence was 
established without any restrictions on the fluxes J-'j, under the assumption 
that all components Tj of dfl intersect the axis of symmetry. For more de- 
tailed historical surveys one can see the recent papers [13] or |26j |27j. 

In the present paper we solve Leray's problem for the plane case n = 2 
and for the axially symmetric domains in M^. The main result for the plane 
case is as follows. 

Theorem 1.1. Assume that 1] C is a bounded domain of type (11.11) 
with C'^-smooth boundary dVt. If f e ly^'^(fi) and a e W^^'^''^{dQ) satisfies 
condition (II. 3p . then problem (II. 2p admits at least one weak solution. 

The proof of the existence theorem is based on an a priori estimate which 
we derive using a reductio ad ahsurdum argument of Leray [25 . The essen- 
tially new part in this argument is the use of Bernoulli's law obtained in [13] 
for Sobolev solutions to the Euler equations (the detailed proofs are presented 
in [H]). The results concerning Bernoulli's law are based on the recent ver- 
sion of the Morse-Sard theorem proved by J. Bourgain, M. Korobkov and 
J. Kristensen This theorem implies, in particular, that almost all level 
sets of a function ip G W'^'^{Vl) are finite unions of C^-curves. This allows 
to construct suitable subdomains (bounded by smooth stream lines) and to 
estimate the L^-norm of the gradient of the total head pressure. We use 
here some ideas which are close (on a heuristic level) to the Hopf maximum 
principle for the solutions of elliptic PDEs (for a more detailed explanation 
see Subsection 13.3. ip . Finally, a contradiction is obtained using the Coarea 
formula. 

The paper is organized as follows. Section 2 contains preliminaries. Basi- 
cally, this section consists of standard facts, except for the results of Subsec- 
tion 2.2, where we formulate the recent version [3J of the Morse-Sard Theorem 
for the space 14^^'^(]R^), which plays a key role. In Subsection 3.1 we briefly 

^This condition docs not assumes the norm of the boundary value a to be smaU. 
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recall the elegant reductio ad absurdum Leray's argument. In Subsection 3.2 
we discuss properties of the limit solution to the Euler equations, which were 
known before (mainly, we recall some facts from [Mj). In Subsection 3.3 we 
prove some new properties of this limit solution and get a contradiction. Fi- 
nally, in Section 4 we adapt these methods to the axially symmetric spatial 
case. 



2 Notation and auxiliary results 
2.1 Function spaces and definitions 

By a domain we mean a connected open set. Let Q C M", n = 2, 3, be a 
bounded domain with C^-smooth boundary dQ. We use standard notation 
for function spaces: C^iU), C"=((9fi), W^^idn), where 

a G (0,1), /c G No,g G [l,+oo]. In our notation we do not distinguish 
function spaces for scalar and vector-valued functions; it will be clear from 
the context whether we use scalar, vector, or tensor-valued function spaces. 
Denote by H{Q) the subspace of all solenoidal vector-fields (divu = 0) from 
W^''^{fl) equipped with the norm ||u||j:/(n) = || Vu||i2(f^). Observe that for 
functions u G H{fl) the norm || ■ is equivalent to || ■ ||vi/i'2(r2)- 

Working with Sobolev functions, we always assume that the "best repre- 
sentatives" are chosen. For w G Ll^^{Q) the best representative w* is defined 
as 

{lim -f„ , X w(z)dz, if the finite limit exists; 
otherwise, 

where f^^^^^ w{z)dz = ,,,,,(^^(,)) Jj,^^,) w{z)dz and Br{x) = {y : \y ~ x\ < r} 
is the ball of radius r centered at x. 

Below we discuss some properties of the best representatives of Sobolev 
functions. 

Lemma 2.1 (see, for example. Theorem 1 of §4.8 and Theorem 2 of §4.9.2 
in [6]). If w e W^^'^(M^), s > 1, then there exists a set Ai^^) C with the 
following properties: 

(i) -f)'(A,«,) = 0; 

(ii) for each x G \ Ai^y^ 

lim -f \w{z) — w{x)f dz = 0; 
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(iii) for every e > there exists a set U C with S^l^iU) < e and 
Ai^w C U such that the function w is continuous on fl \ U; 

(iv) for every unit vector 1 G dBi (0) and almost all straight lines L parallel 
to \, the restriction w\l is an absolutely continuous function {of one variable). 

Here and henceforth we denote hj S^^ the one-dimensional Hausdorff mea- 
sure, i.e., S^^{F) = hm S^l{F), where 



Remark 2.1. The property (iii) of Lemma [2. II means that / is quasi contin- 
uous with respect to the Hausdorff content S)l^. Really, Theorem 1 (iii) of 
§4.8 in \6\ asserts that / e W^'^iM"^) is quasicontinuous with respect to the 
s-capacity. But it is well known that for s = 1 smallness of the 1-capacity 
of a set F C is equivalent to smallness of i^^(F) (see, e.g.. Theorem 3 of 
§5.6.3 in [6J and its proof). 

Remark 2.2. By the Sobolev extension theorem. Lemma 12.11 is true for 
functions w G W^''^{fl), where C is a bounded Lipschitz domain. By 
the trace theorem each function w G W^''^{Q) is "well-defined" for i^^-almost 
all X G dQ. Therefore, we assume that every function w G W^''^{Q) is defined 
on Q. 

2.2 On the Morse-Sard and Luzin N-properties of 
Sobolev functions in VF^'^ 

First, let us recall some classical differentiability properties of Sobolev func- 
tions. 

Lemma 2.2 (see Proposition 1 in [5]). If^ G W'^'^{'M?), then tp is continuous 
and there exists a set with S^^{A^) = such that ip is differentiable (in 
the classical sense) at all x E M? \ A^. Moreover, the classical derivative 
coincides with Vipix), where lim_£g ^.^-j iViplz) — Vil'{x)\'^ dz = 0. 

The theorem below is due to J. Bourgain, M. Korobkov and J. Kristensen 



oo oo 




i=l i=l 
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Theorem 2.2. Let Q G M."^ be a bounded domain with Lipschitz boundary. 

Ifipe W^'\n), then 

(i) S^\{ij{x) : X e n \ & VV^(x) = 0}) = 0; 

(ii) for every e > there exists 6 > such that S^^{ip{U)) < e for any set 
U cn with S)l^{U) < 5; 

(iii) for every e > there exists an open set V <ZM. with S)^{V) < e and 
a function g G C^(R^) such that for each x E ^ if ip{x) ^ V, then x ^ 
and i/j^x) = g{x), Vip{x) = Vg{x) ^ 0; 

(iv) for f)^-almost all y G ipi^) C M the preimage ip~^{y) is a finite 
disjoint family of -curves Sj, j = 1,2, N{y). Each Sj is either a cycle 
in Q {i.e., Sj C Q is homeomorphic to the unit circle S^) or a simple arc with 
endpoints on dQ {in this case Sj is transversal to dQ ) . 

2.3 Some facts from topology 

We shall need some topological definitions and results. By continuum we 
mean a compact connected set. We understand connectedness in the sense 
of general topology. A set is called an arc if it is homeomorphic to the unit 
interval [0, 1]. 

Let us shortly present some results from the classical paper of A.S. Kron- 
rod piB] concerning level sets of continuous functions. Let Q = [0, 1] x [0, 1] 
be a square in and let / be a continuous function on Q. Denote by Et 
a level set of the function /, i.e., Et = {x E Q : f{x) = t}. A component 
K of the level set Ef containing a point Xq is a maximal connected subset 
of Ef containing xq. By Tf denote a family of all connected components 
of level sets of /. It was established in [IB] that Tf equipped by a natural 
topology is a tree. Vertices of this tree are the components C E Tf which do 
not separate Q, i.e., Q \ C is a connected set. Branching points of the tree 
are the components C E Tf such that Q \ C has more than two connected 
components. By results of [H], see also [23] and [25], the set of all branching 
points of Tf is at most countable. The main property of a tree is that any two 
points could be joined by a unique arc. Therefore, the same is true for Tf. 

Lemma 2.3 ([IB])- U f ^ C{Q), then for any two different points A E Tf 
and B E Tf, there exists a unique arc J = J{A,B) C Tf joining A to B. 
Moreover, for every inner point C of this arc the points A, B lie in different 
connected components of the set Tf \ {C}. 

We can reformulate the above Lemma in the following equivalent form. 
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Lemma 2.4. If f G C{Q), then for any two different points A, B E Tf, there 
exists an injective function (f : [0, 1] — )■ Tf with the properties 

(i) (^(0) = A, cfil) = B; 

(ii) for any to e [0, 1], 

lim sup dist(a;, v9(to)) — > 0; 

[0,l]9i-i>io xGifiit) 

(iii) for any t G (0, 1) the sets A, B he in different connected components 
of the set Q\ip(t). 

Remark 2.3. If in Lemma [2]1]/ G W^'^iQ), then by Theorem [2l2 (iv), there 
exists a dense subset E of (0, 1) such that ip(t) is a C^- curve for every t E E. 
Moreover, (p{t) is either a cycle or a simple arc with endpoints on dQ. 

Remark 2.4. All results of Lemmas I2.3ti2.4l remain valid for level sets of 
continuous functions / : f2 — )■ M, where is a multi-connected bounded 
domain of type fll.ip . provided f = C,j = const on each inner boundary 
component Tj with j = 1, . . . ,N. Indeed, we can extend / to the whole Qq 
by putting /(x) = for x G Qj, j = 1,. . . ,N. The extended function / 
will be continuous on the set Qq which is homeomorphic to the unit square 

Q = [o,iF. 



3 The plane case 

3.1 Leray's argument "reductio ad absurdum" 

Consider the Navier-Stokes problem (11 ■2p in the C^-smooth domain C 
defined by flLip with f G W^''^{Q). Without loss of generality, we may assume 
that f = V^b with b G ^^^'^(fijfl, where {x,y)^ = {—y,x). If the boundary 
value a G W^^'^''^{dQ) satisfies condition ( II ■3p . then there exists a solenoidal 
extension A G of a (see [20], [SI], [II])- Using this fact and standard 

'^By the Helmholtz-Weyl decomposition, for a C^-smooth bounded domain fl C M", 
n ~ 2,3, every f € ly^'^(ri) can be represented as the sum f — curlb + W(p for n — 3, and 
f = + Wip with h,b, (p € VF^'^(51), and the gradient part is included then into the 
pressure term (see, e.g., [2D])- 
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results [20], we can find a weak solution U G W'^''^{Q) to the Stokes problem 
such that U - A G H{n) f] W^^^{n) and 

V j V\J ■Vr)dx = j i'qdx ^ rj e H{n). (3.1) 
n n 

Moreover, 

||U||iy2,2(Q) < c(||a||^3/2,2(gf^) + ||f||L2(n))- (3.2) 

By weak solution of problem (11. 2p we understand a function u such that 
w = u - U G H{n) and 



n 



J Vw • Vr7 dx — J ((w + \J) ■ \/)r] ■ w dx — J (w ■ \/)r] ■ \J dx 



= j (U-V)r7-Urfx yr}EH{n). (3.3) 

Let us reproduce shortly the contradiction argument of Leray ^21j which 
was later used in many other papers (see, e.g., [I9], [20], [I2], [1]; see also 
[H] for details). It is well known (see, e.g., [20]) that integral identity (13.31) 
is equivalent to an operator equation in the space H{fl) with a compact 
operator. Therefore, by the Leray-Schauder theorem, to prove the existence 
of a weak solution to Navier-Stokes problem (11. 2p . it is sufficient to show 
that all the solutions of the integral identity 

u J Vw-Vrjdx — \ J ((w + U) ■ V)t7 • w (ix — A J (w ■ 'V)r} ■ \J dx 

n n n 

= \j (U-V)r7-Uc/x yrjEHin) (3.4) 

n 

are uniformly bounded in H{Q) (with respect to A G [0, 1]). Assume that this 
is false. Then there exist sequences {A^jfegN C [0, 1] and {wfcjfcgN ^ H{Q) 
such that 



j Vwfc ■ Vr7 - Afc j ((wfc + U) ■ V)77- Wfefix- Afc j ( ■ V) ry • U dx 
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= >^kj {u-v)'n-vdx yrjEHin), (3.5) 

and 

lim Afc = Ao e [0, 1], lim Jk = lim ||wfe||H(n) = oo. (3.6) 

fc— >oo fc— ^oo fc— >-oo 

Using well known techniques ([S], PP), one shows that there exist pk 
with0 ||pfe||vyi.'!(fi) < C{q)Jl, q E [1,2), such that the pair (ufc = w^ + U, %) 
is a solution to the following system 

-i/Aufc + Afc(ufc ■ V)ufc + Vpfc = f in Q, 

divufc = in f2, (3-7) 

Ufc = a on 

Choose rj = J^'^'Wk in (13. 5p and set = J^^w^. Taking into account 
that 



n 

we have 



J ((wfc + U)- V)wfc-Wfcdx = 0, 



j \V^k?dx = Xkj {wk-V)wk-V dx + J^^\k J (U-V)wfc-Urfx. (3.8) 



n n Q 



Since || Wfc||j|^(!^) = 1, there exists a subsequence {wj^^} converging weakly in 
H[Q) to a vector field v G H{Q). By the compact embedding 

H{n)^L''{n) VrG [l,oo), 

the subsequence {w^;} converges strongly in L'~(fi). Therefore, letting ki — )■ 
oo in equality (13. Sp . we obtain 



/(v.V) 



Ao / (v-V)v-U(ix. (3.9) 



n 



*The uniform estimates for the norms |lPfe|lvi/i.'!(o) follow from well-known results con- 
cerning regularity of solutions to the Stokes problem (see [3T| Chapter 1, §2.5] or [20]). 
Observe that in [14] we could have only pk S W^io' (^) because dfl has been assumed to be 
only Lipschitz. However, for domains H. with C^-smooth boundary and a e W'^^^'^{d^V) 
the corresponding estimates hold globally. 
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In particular, Aq > 0, so are separated from zero. 

Put z/fc = {\kJk)~^^- Multiplying identities ( 13 .Tp by = -t^, we see 
that the pair (u^. = pk = ir~f^Pk) satisfies the following system 

-z/fcAufc + (ufc ■ V)ufc + Vpfe = ffc in fi, 

divufc = m VL, (3.10) 
Ufc = afc on dVL, 

where = f , = a, the norms ||ufc||vyi,2(Q) and llpfclliyi.^m) are 

3 2 2 2 ^ p. I 

uniformly bounded for each g G [1,2), G ^^[^'^.(fi), pfe G Wjq'^ (f2)o, and 
Ufc ^ V in iy^'^(f2), Pk ^ P in W^^''^(fi). Moreover, the limit functions 
(v,p) satisfy the Euler system 

(v-V)v + Vp = in Q, 

divv = in Q, (3.11) 

V = on d^. 

In conclusion, we can state the following lemma. 

Lemma 3.1. Assume that f2 C is a bounded domain of type (11. ip with 
C^-smooth boundary dn, f = V^6, b G Vr2'2(f]), anda G 1^3/2,2^^^) satisGes 
condition (II. 3p . If tiiere are no weaif solutions to (II. 2p . then tiiere exist v,p 
witii tiie following properties. 

(E) V G Vri'2(fi), j9 G W^^%Q), q G (1,2), and the pair (v,p) satisfies 
tfie Euler system ( 13. JJj) . 

(E-NS) Conditions (E) are satisfied and there exist sequences of functions 
Ufe G ly^'^(fi), pfc G iy^''''(fi) and numbers Vk 0+, Afc Aq > sucii tiiat 
the norms \\vLk\\w^''^(U), lbfc||wi.9(n) are uniformly bounded for every q G [1,2), 
tiie pairs (ufc,^^) satisfy ( 13. JO)) witii = f, a^ = a, and 
||Vufc|U2(^) ^ 1, Ufc-v in iyi'2(fi), pfc-p in iyi'^(r]) VgG[l,2). 

Moreover, G <e'(l^), Pk e <''(n). 

From now on we assume that assumptions (E-NS) are satisfied. Our goal 
is to prove that they lead to a contradiction. This implies the validity of 
Theorem 11.11 

^The interior regularity of the solution depends on the regularity of f G W^''^{Vl), but 
not on the regularity of the boundary value a, see [20] . 
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3.2 Some previous results on the Euler equations 

In this subsection we collect the information on the limit solution (v,p) to 
(13.111) obtained in previous papers. The next statement was proved in [T2| 
Lemma 4] and in [H Theorem 2.2] (see also [HI Remark 3.2]). 

Theorem 3.1. If conditions (E) are satisfied, tlien tliere exist constants 
Po, . . . ,Pn such that 

p(x) = pj for f)^ — almost all x G Tj. (3.12) 

Corollary 3.1. If conditions (E-NS) are satisfied, then 

JV N 

= / a ■ nds = J^P^^r (3-13) 

° i=o / j=0 

Proof. By simple calculations from (13. 9p and (13. lU ) it follows 



V 



J -XJ dx = — J div(pU) dx = — J pa - nds. 



Q u an 

In virtue of ( 13321) . this imphes ( 13331) . □ 

Set $fc = pfc + ||ufcp, $ = p + i|vp. From ( KTU ) and (Kill ) it follows 
that there exists a stream function ip G W'^'^{Q) such that 

VV^ = in n. (3.14) 

Here and henceforth we set {a,b)^ = {—b,a). 

Applying Lemmas 12. H 12.21 and Remark 12.21 to the functions v, tjj, $ we 
get the following 

Lemma 3.2. If conditions (E) are satisfied, then the stream function ip is 
continuous on Q and there exists a set G Q such that 

(i) ^\A^) = 0; 

(ii) for all X e^\A^ 

limf \v{z)-v{x)\'^dz = \imf \^{z) - ^{x)\'^dz = 0; 

moreover, the function ip is differentiable at x and Vip{x) = {—V2{x), Vi{x)); 

(iii) for every e > there exists a set U CM.'^ with iD^(f/) < e such that 
A^ C U and the functions v, $ are continuous in n\U. 
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The next version of Bernoulli's Law for solutions in Sobolev spaces was 
obtained in p!H| Theorem 1] (see also [T^, Theorem 3.2] for a more detailed 
proof). 

Theorem 3.2. Let conditions (E) be satisGed and let C fl be the set from 
Lemma \3.2[ For any compact connected set K G Q the following property 
holds: if 

ip\^ = const, (3.15) 

then 

$(xi) = $(x2) for all Xi,X2e K\ A^. (3.16) 

Lemma 3.3. If conditions (E) are satisfied, then there exist constants 
^0, ■ ■ ■ & ^ such that ip{x) = C,j on each component Tj, j = 0, . . . , N . 

Proof. Consider any boundary component Tj. Since ip is continuous 
on Q and Tj is connected, we have that is also a connected set. On 

the other hand, since Vip{x) = for i^^-almost all x G Tj (see (13. Ilk ) and 
(KWi ). Theorem O (i)-(ii) yields ^\^lj{Tj)) = 0. Therefore, ^p{Tj) is a 
singleton. □ 

For X & Q denote by the connected component of the level set {2; G : 
ip{z) = ip{x)} containing the point x. By Lemma [3.31 fl dQ = for every 
y G '?/'(fi)\{^0) • • • !^Af} and for every x G ip~^{y). Thus, Theorem l2.2l (ii). (iv) 
implies that for almost all y G and for every x G 'ip~^{y) the equality 

Kx n = holds and the component C is a C^- curve homeomorphic 
to the circle. We call such an admissible cycle. 

The next lemma was obtained in Lemma 3.3]. 

Lemma 3.4. If conditions (E-NS) are satisfied, then the sequence {^k\s} 
converges to uniformly ^k\s =^ on almost alg admissible cycles S. 

Admissible cycles S from Lemma 13.41 will be called regular cycles. 
^"Almost all cycles" means cycles in preimages tp~'^iy) for almost all values y G V'(^)- 
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3.3 Obtaining a contradiction 

We consider two cases. 

(a) The maximum of $ is attained on the boundary dfl: 

max = ess sup $(a;). (3-17) 

j=0,...,N 

(b) The maximum of $ is not attainecl^ on Oil: 

max < esssup (3.18) 

3.3.1 The maximum of $ is attained on the boundary dVl 

Let (13.171) hold. Adding a constant to the pressure we can assume, without 
loss of generality, that 

max pj = ess sup $(x) = 0. (3.19) 

j=0,...,N 3.gQ 

In particular, 

<l>{x) < inn. (3.20) 

If Po = Pi = ■ ■ ■ = Pat, then by Corollary 13. II and the flux condition (11. 3p . 
we immediately obtain the required contradiction. Thus, assume that 

min Pi < 0. (3.21) 

j=0,...,N ■' ^ ' 

Change (if necessary) the numbering of the boundary components Fq, Fi, 
. . . , Fat in such a way that 

p,<0, j = 0,...,M, (3.22) 



PAf+i = ■ ■ ■ = Pat = 0. (3.23) 

First, we introduce the main idea of the proof in a heuristic way. It is 
well known that every $fc satisfies the linear elliptic equation 

1 1 

A$fc = + — div(<l>feUfc) ffc ■ Ufc (3.24) 

^k 



''The case esssup$(a;) — +oo is not excluded. 
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If ffc = 0, then by Hopf's maximum principle, in a subdomain Q' Q with 
C^- smooth boundary dfl' the maximum of $fc is attained at the boundary 
dQ', and if x^, G dfl' is a maximum point, then the normal derivative of $fc 
at X* is strictly positive. It is not sufficient to apply this property directly. 
Instead we will use some "integral analogs" that lead to a contradiction 
by using the the Coarea formula (see Lemmas l3.8H3.9p . For i E N and 
sufficiently large k > k{i) we construct a set Ei G Q consisting of level 
lines of $fc such that ^^U, — ^Oasi— )-oo and Ei separates the boundary 
component F^v (where $ = 0) from the boundary components Tj with j = 
0, . . . , M (where $ < 0). On the one hand, the length of each of these level 
lines is bounded from below by a positive constant (since they separate the 
boundary components), and by the Coarea formula this implies the estimate 
from below for |V$fc|. On the other hand, elliptic equation f l3.24p for 
the convergence ffc — >• 0, and boundary conditions fIS.lOl i) allow us to estimate 
|V$fcp from above (see Lemma [3T8|) . and this asymptotically contradicts 
the previous one. 

The main idea of the proof for a general multiply connected domain is the 
same as in the case of annulus-like domains (when dfl = FqUFi ). The proof 
has an analytical nature and unessential differences concern only well known 
geometrical properties of level sets of continuous functions of two variables. 

First of all, we need some information concerning the behavior of the 
limit total head pressure $ on stream lines. We do not know whether the 
function $ is continuous or not on Q. But we shall prove that $ has some 
continuity properties on stream lines. 

By Remark 12.41 and Lemma 13. 3[ we can apply Kronrod's results to the 
stream function ip. Define the total head pressure on the Kronrod tree 
(see Subsection 12.31 ) as follows. Let K E with diami^ > 0. Take any 
X E K \ and put ^{K) = $(a;). This definition is correct by Bernoulli's 
Law (see Theorem 13. 2p . 

Lemma 3.5. Let A,B E T^,, diamA > 0, diami? > 0. Consider the corre- 
sponding arc [A,B] C joining A to B {see Lemmas 12. 3H 2.41 ). Then the 
restriction $|[a,b] is a continuous function. 

Proof. Put {A,B) = [A,B] \ {A,B}. Let d E {A,B) and d Co in 
T^. By construction, each Cj is a connected component of the level set of i(j 
and the sets A, B lie in different connected components of Therefore, 

diam(Ci) > min(diam(A), diam(5)) > 0. (3.25) 
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By the definition of convergence in T^, we have 

sup dist(x, Co) — )■ as ^ — )■ cxD. (3.26) 

x£Ci 

By Theorem 13.21 there exist constants q G M such that $(a;) = q for all 
X G Cj \ y4v, where S)^{Ay,) = 0. Analogously, $(a;) = cq for all x G Co \ Ay. 
If Ci ^ Cq, then we can assume, without loss of generality, that 

Cj — > Coo 7^ Cq as i — )■ oo (3.27) 

and the components Cj converge as i — )■ cxd in the Hausdorff metric!^ to some 
set Cq C Cq. Clearly, diam(Co) > 0. Take a straight line L such that 
the projection of Cq on L is not a singleton. Since Cq is a connected set, 
this projection is a segment. Let Jo be the interior of this segment. For 
z G /q by Lz denote the straight line such that z E and -L L. From 
Lemma [3.21 (i), (iii) it follows that fl Ay = for i)^-almost all z G Jo, and 
the restriction $|f^nL^ is continuous. Fix a point z E Iq with above properties. 
Then by construction CjflL^ ^ for sufficiently large i. Now, take a sequence 
Hi E Ci n Lz and extract a convergent subsequence Ui . ^ E Cq. Since 
"^InnL^ is continuous, we have ^{yij) = ci. — t- $(yo) = co as j — )■ oo. This 
contradicts ( 131271) . □ 

For the velocities = (m^,m|) and v = (t>^,f^) denote by and u the 
corresponding vorticities: Uk = d2u\ — diul, u = d2V^ — div"^ = Aip. The 
following formulas are direct consequences of (13. lip . (I3.10p : 

V$ = wv-^ = uVtp, V$fc = -z/fcV-^Wfc + UkU^ + ffc in Q. (3.28) 

We say that a set Z C has T-measure zero if Sj^^lipi^C) : C G 2}) = 0. 
The function has some analogs of Luzin's iV-property. 

Lemma 3.6. Let A, B E with diam(A) > 0, diam(5) > 0. If Z C [A, B] 
has T-measure zero, then i5^({$(C) : C G Z}) = 0. 

^The HausdorfF distance dn between two compact sets A,Bc M" is defined as fol- 
lows: dH{A,B) — max(supdist(a, i?),supdist(fe, A)) (see, e.g., §7.3.1 in [i]). By Blaschke 

selection theorem [ibid], for any uniformly bounded sequence of compact sets Ai C M" 
there exists a subsequence Ai. which converges to some compact set Aq with respect to 
the HausdorfF distance. Of course, if all Ai are compact connected sets and diamA^ > 5 
for some (5 > 0, then the limit set Aq is also connected and diamAo > 5. 
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Proof. Recall that the Coarea formula 



j\Vf\dx = jsj\En r\y)) dy (3.29) 

E R 

holds for a measurable set E and the best representative (see Lemma 12.11) of 
any Sobolev function / G W^'^iVL) (see, e.g., [22]). 

Now, let Z C [A, B] have T-measure zero. Set E = UcezC- Then by 
definition Sj^{ip{E)) = 0. Take a Borel set G D ^/j{E) with S)^{G) = and 
put Z' = {C e [A,B] : V(C) G G}, = Ucez'C. Then is a Borel set 
as well and E' D E. Hence, by Coarea formula fl3.29p applied to i/jIe' we see 
that Vipix) = for ^^.almost all x e E'. Then by d^M]), V$(x) = for 
i^^-almost all x & E. Applying the Coarea formula to ^\e', we obtain 

0= !\V^dx= I S)\C)dy. 

E' R C(iZ>:^{C)=y 

Since i3^(C) > min(diam(y4), diam(i?)) > for every C G [A, -B], we have 
i3^({$(C) : C G Z'Y) = and this implies the assertion of Lemma \3M[ □ 

From Lemmas 13.41 and 13.61 we have 
Corollary 3.2. If A, B e with diam(A) > 0, diam(5) > 0, then 
i^^({$(C) : C G [v4, B] and C is not a regular cycle}) = 0. 

Denote by -Bq, • • • , B^ the elements of such that Bj D Fj, j = 0, . . . , iV. 
By virtue of Lemma [373| every element C G [-Bj, \ is a connected 

component of a level set of if) such that the sets i?j lie in different con- 
nected components of \ C. 

Put 

a = max min $(C). 

j=0,...,M C€[Bj,Bn] 

By (I3.22p . a < 0. Take a sequence of positive values ti G (0, — a), i G N, 
with tj+i = and such that the implication 

$(C) = —ti ^ C is a regular cycle 

holds for every j = 0, . . . , M and for all C G [Bj, Bj^]. The existence of the 
above sequence follows from Corollary 13.21 
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Consider the natural order on the arc [Cj, B^], namely, C < C" if C" is 
closer to than C. For j = 0, . . . M and i G N put 

Ai = max{C G [B,,Bn] : $(C) = -ti}. 

In other words, is an element of the set {C G [Bj,B]\r] : $(C) = —ti} 
which is closest to T^- By construction, each Aj is a regular cycle (see Fig. 1 
for the case of annulus type domains (A^ = 1) ). 

Denote by Vi the connected component of the open set Q \ (Uj'LqAI) such 
that Fat C dVi. By construction, the sequence of domains Vi is decreasing, 
i.e., Vi D Vi+i. Hence, the sequence of sets (dQ) fl (dVi) is nonincreasing: 

{dfi) n (dVi) 2 (dn) n {dv+^). 

Every set {dQ) fl {dVi) consists of several components F/ with I > M (since 
arcs Uj'LqAI separate Fat from Fq, . . . , Fm, but not necessary from other F; ). 
Since there are only finitely many components F/, we conclude that for suf- 
ficiently large i the set (dfl) fl (dVi) is independent of i. So we may as- 
sume, without loss of generality, that (dfl) fl (dVi) = U • • • U Ftv, where 
K e {M + 1,. . . ,N}. Therefore, 

aV^i = A° U ■ ■ • U U F/^ U ■ ■ ■ U F^v- (3.30) 

From Lemma [3.41 we have the uniform convergence $feLj =^ ^i^i) = ~ti 

i 

— 7- oo. Thus for every i G N there exists fcj such that for all k > ki 

^k\A^<-lti, $fcU. >-lti Vj = 0,...,M. (3.31) 

Then 

Vt G [Iti, It,] Mk > ki < -t, <l>fc|^. >-t Vj = 0, . . . , M. (3.32) 

For k > ki and t G denote by Wikit) the connected component 

of the open set {x e Vi\ Fj+i : $^(2^) > —t} such that dWik{t) D A^^^^ and 
put Sik{t) = {dW,k{t)) n Vi\Vi+i. Clearly, $fc = -t on ^^^(t). Since the 
set Sikit) cannot separate from A^^-^ for j = 1, . . . M (indeed, by fl3.30p 
applied to V^+i we can join and A]^;^ by arcs in Vi+i C \ S'ifc(t) ), we 
have in addition dWik(t) D ^i+i- Finally, we get 

dW,k{t) = S,k{t) U U ■ ■ ■ U (3.33) 
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(see Fig. 1). Since by (E-NS) each belongs to W{^^{Q), by the Morse-Sard 
theorem for Sobolev functions (see Theorem 12. 2p we have that for almost all 
t G the level set Sik(t) consists of finitely many C-'^-cycles and $fc is 

differentiable (in classical sense) at every point x G Sikit) with V^k{x) ^ 0. 
The values t G having the above property will be called [k, i)-regular. 

By construction, 

j V$fc-nds = -y" |V$fc|rfs<0, (3.34) 

where n is the unit outward (with respect to Wik(t)) normal vector to dWikit). 

For h > denote F/j = {x G : dist(x, Tk U ■ ■ ■ U Fa?) = h)}, flh = {x ^ 
Q : dist(x, Tk U ■ ■ ■ U Fa?) < h)}. By elementary results of analysis, there is a 
constant So > such that for each h < 6o the set Th is a union of iV — i^T + 1 
C^-smooth curves homeomorphic to the circle, and 

So\rh)<Co V/iG(0,5o], (3.35) 
where Cq = 3S)^(Tk U ■ ■ ■ U Fat) is independent of h. 




Figure 1. The case of an annulus-like domain (A^ = 1). 
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Since $ 7^ const on Vi, by (13.281) we have J 10"^ dx > for each i. Hence, 



V,. 



from the weak convergence ^ u in L^(f2) it follows 

Lemma 3.7. For any i E N there exist constants Si > 0, 6i G (0,5o) 
/c- e N such that J uldx > for all k>k[. 

The key step is the following estimate. 
Lemma 3.8. For any i G N there exists k{i) G N such that the inequality 

|V$fc| ds < J^t (3.36) 



holds for every k > k{i) and for almost all t G where the constant 

J-" is independent oft,k and i. 

Proof. Fix z G N and assume k > ki (see fl3.3ip ). Take a sufficiently 
small 0" > (the exact value of a will be specified below). We choose the 
parameter 6^ G {0,6i] (see Lemma |3T|) small enough to satisfy the following 
conditions: 

ns.nA{ = ns.nAl^, = iD, j = o,...,m, (3.37) 

J <^?^ds< Wh G (0,5,], (3.38) 

-^a^ < j <i>lds- j ^lds< ifx^ V/i',/i" G (0,5,] VA; G N. (3.39) 

The last estimate follows from the fact that for any q G (1, 2) the norms 
||'^'fe||H^i.9(f7) are uniformly bounded. Consequently, the norms ||$fcV$fc||L<j(o) 
are uniformly bounded as well. In particular, for g = 6/5 we have 



^lds~ / ^Ids 



<2 / |$J-|V$Jrfx 



5 



^h"\^h' 
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From the weak convergence ^ $ in the space W^''^{fl), q G (1,2), it 
follows that <l>fc|r^ =^ ^Ir,, as oo for almost all h G {0,Sa-){see P, [Tij^ 
From the last fact and f l3.38p -( 13.39p we see that there exists fc' G M such that 

J ^lds< yh G (0, 5„] \/k > k' . (3.40) 

Obviously, for a function g G H^^'^(i7) and for an arbitrary C^-cycle S (ZVl 
we have 

j V^g -11(13 = j Vg - Ids = 0, 
s s 
where 1 is the tangent vector to S. Consequently, by (13.281) . 



V$fc ■ nds = J WfcU^j ■ lids 
s s 

(recall, that by our assumptions f = V^b). 

Now, fix a sufficiently small e > (the exact value of e will be specified 
below). For a given sufficiently large k > k' we make a special procedure to 
find a number G (0, 6o-) such that the estimates 



V$z, • nds 



cjfcU^ ■ nds 



< e, 



(3.41) 



|ufc|^ ds < C2{e)ul 



(3.42) 



hold, where the constant C2{s) is independent of k and a. To this end 
define a sequence of numbers = Hq < hi < h2 < . . . by the recurrent 
formulas 



fc5 



(3.43) 



^In [IJ Amick proved the uniform convergence =t $ on almost all circles. However, 
his method can be easily modified to prove the uniform convergence on almost all level 
lines of every C^-smooth function with nonzero gradient. Such modification was done in 
the proof of Lemma 3.3 of [l4] . 



20 



where Uj = {x E Q : dist(a;, U ■ ■ ■ U Fjv) G {hj_i, hj)}. 

Since Jg^\uk\'^ ds = ^^""^i^ II ^11 (an); where G (0,1], from fl3.43p we 
deduce by induction that 

J |ufc|^ ds < Cjul \/h G {hj_i, hj), (3.44) 

where C is independent of k,j,a. Consequently, 

J \nkf dx < {hj - hj.i)Cjul (3.45) 

Using this estimates and applying the Holder inequality to fl3.43p . we obtain 



Vufcl ■ |ufc| dx < J {hj - hj_i)Cjvl[ I |Vufc| dx . (3.46) 



Squaring both sides of the last inequality, we have 

<Cj \Vuk\^dx. (3.47) 



hj - hj_i 

We define hj for j = 1, . . . ,jmax, where jmax is the first index satisfying at 
least one of the following two conditions. 

Stop case 1. < 5,, > S^, 

or 

Stop case 2. Cjmax / \Vuk\'^dx < e. 

By construction, J^^ |Vufcp(ix > -^e for every j < j^ax (since for j < 
jmax the conditions of both Stop cases fail). Hence, 

2> / \Vuk\^dx>^{l + l + ---+ . ^ ) > C^£ln(j^ax- 1). 

J Li Z Jmax ~ J- 

Consequently, for both stop cases we have the following uniform estimate 
Jmax < 1 + exp(^) (3.48) 
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with C independent of k and a. 

Let us describe the choice of the required distance hk for both cases. 
Assume that Stop case 1 arises. Then 

C t/i U ■ ■ ■ U 

and by construction (see fl3.43p - fl3.44p ) we have 

iVufcl ■\nk\dx < jmax^^fc, (3.49) 



\vik?ds<C]^,yk V/iG(0,5,]. (3.50) 
From f l3.49p it follows that there exists hk £ (0, d^) such that 

IVUfcl ■ |Ufc| ds < ^jmax^^fc- (3.51) 
da 

Then, taking into account that jmax does not depend on a and k (see f l3.48p ), 
and that i/fc — ^ as A; — )■ oo, we obtain the required estimates fl3.4ip - fl3.42p 
for sufficiently large k. 

Now, let Stop case 2 arises. By definition of this case and by fl3.47p . we 
obtain 

\ / iVufel ■ |ufc|rfx = 4 (3-52) 

J m ax J m ax i- o Jmax J m ax ^ 

^.?max 

Therefore, there exists G (^jmax-i? ^jmax) such that f l3.4ip holds. Estimate 
f l3.42p follows again from f l3.44p and the fact that jmax depends on e only. So, 
for any sufficiently large k we have proved the existence of hk G (0, 5a) such 
that fl3:4T]) -f l3:42l) hold. 

Now, for (fc, ■i)-regular value t G consider the domain 

^f^S^) = W,k{t)VJV,^r\nT,^. 
By construction, dVLih^it) = Tf^^USikit) (see Fig. 1). Integrating the equation 
1 1 

A$fc = col + — div(<l>fcUfc) ffc ■ Uk (3.53) 
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over the domain Q^]^ (t), we have 



1 



uldx / ffc • Ufc dx 



— / <l>fcUfc-nrfs + — / <l>fcUfc-n(is 



Vk 



= I uldx — ^ / ffc ■ Ufc — t AfcJ^ + — / $fcUfc ■ nds, (3.54) 
J ^k J ^k J 

where ^ = ^(^i + ■ ■ ■ + J^m)- In view of f l3.34p . fl3.4ip . we can estimate 

1 



i^k 



ffc ■ Ufc (ix — / ujI dx 



+ - 



t^k 



Therefore, 



$? ds 







^ |Ufc 


1 

fds^' 


k 




ion, 


^l|ffci|L2(n) = 


1 

^k 


j ffc ■ Ufc dx 



(3.55) 



^WihHn) ^ as A; ^ oo. 



< e 



for sufficiently large fc. Using inequahties f l3.40p . f l3.42p . we obtain 
j |V$fc| ds <tJ^ + 2e + cr^yC2{e) - y w^rfx 

<tj^ + 2e + C^^/Cy^ - j ul dx, 



(3.56) 



v^+l\ns. 



where C2{e) is independent of k and a. Choosing e = ^Ei, a = -^—^=ei, 

and a sufficiently large k, from Lemma 13.71 we obtain 2e + a a/ 6*2(6) — 
Iv+i\ns ^k^^ — 0- Estimate f l3.36p is proved. □ 

Now, we receive the required contradiction using the Coarea formula. 
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Lemma 3.9. Assume that 17 C is a bounded domain of type (11 .ip with 
C^-smooth boundary d^l, f G and a E W^^'^''^{d^l) satisGes condi- 

tion fll.3p . Then assumptions (E-NS) and (13.1 7p lead to a contradiction. 

Proof. For i G N and k > k{i) (see Lemma [3.8p put 

Ei= U Sik{t). 

By the Coarea formula (13.290 (see also ^2]), for any integrable function 
(? : -Ej — 7- M the equality 



I 



g\V^k\dx = j j g{x)dS)\x)dt (3.57) 
holds. In particular, taking g = |V$fc| and using (I3.36p . we obtain 



(3.58) 



where J-"' = is independent of i. Now, taking = 1 in (I3.57P and using 
the Holder inequality we have 

8 » 

J Sj'{S,k{t))dt = J \V<^k\dx 

iu f (3.59) 

< (^j \V<^k\^ dx^\meas{Ei)Y < v^tj (meas(Ei)) i 

Ei 

By construction, for almost all t G the set Sik{t) is a fi- 

nite union of smooth cycles and Sik{t) separates from A^^^ for 
j = 0, . . . , M. Thus, each set Sikit) separates Tj from Fat. In particular, 
-^^('S'ifc(t)) > min(diam(Fj), diam(FAr)). Hence, the left integral in (I3.59P 
is greater than Cti, where C > does not depend on i. On the other 
hand, evidently, meas(i?j) < meas(l^ \ l^+i) — > as z — t- oo. The obtained 
contradiction finishes the proof of Lemma 13.91 □ 
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3.3.2 The maximum of $ is not attained at dQ 



In this subsection we consider the case (b), when (13.181) holds. Adding a 
constant to the pressure, we assume, without loss of generality, that 

max pj < esssup$(x) = 0. (3.60) 
Denote a = max < 0. 

j=0,...,N 

As in the previous subsection, we consider the behavior of $ on the Kron- 
rod tree T^. In particular. Lemmas l3.5ti3.6l hold. 

Lemma 3.10. There exists F eT^ such that diamF > 0, F fl dQ = 0, and 

^{F) > a. 

Proof. By assumptions, $(a;) < cr for every x G dQ \ and there is a 
set of a positive measure E (Z Q such that $(x) > a at each x & E. In virtue 
of Theorem 13.21 (iii), there exists a straight-line segment I = [xo,yo] C Q 
with / n y4v = 0, Xo G dQ, z/q G E, such that $|/ is a continuous function. 
By construction, $(xo) < cr, $(yo) > cr + <5o with some 6o > 0. Take a 
subinterval Ji = [xi,yo] C Q such that $(xi) = a + and $(x) > cr + 
for each x G [xi,?/o]- Then by Bernoulli's Law (see Theorem 13. 2p ip ^ const 
on Ii. Hence, we can take x E h such that the preimage ip~^{ilj{x)) consists 
of a finite union of regular cycles (see Lemma [3. 4p . Denote by F the regular 
cycle containing x. Then by construction $(-F) > cr + |5o and by definition 
of regular cycles diam F > and F fl dQ = 0. □ 



Fix F from above Lemma and consider the behavior of $ on the Kronrod 
arcs [Bj,F], j = 0,. . .N (recall, that by Bj we denote the elements of 
such that Tj C Bj). The rest part of this subsection is similar to that of 
Subsection 13.3.11 with the following difference: F plays now the role which 
was played before by Bn, and the calculations become easier since F lies 
strictly inside Q. 

By construction, $(-F) > $(-Bj) for each j = 0, . . . , N. So, using Lem- 
mas I3.5H3.6I and Corollary 13.21 we can find a sequence of positive numbers 
ti G (— $(F),— a), i G N, with tj+i = and the corresponding regular 
cycles Al e[Bj,F], j = 0,...,N, with ^{AD = -ti. Denote by Vi the con- 
nected component of the set i7\(y4°U- ■ -UAf) containing F. By construction, 
Vi cQ,ViC Fj+i and 

9V^, = A° U ■ ■ • U Af. (3.61) 
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By definition of regular cycles (see Lemma 13. 4p . we again obtain esti- 
mates fl3.31l) - fl3.32l) for k > ki. Accordingly, for k > ki and t G 
we can define the domain Wik{t) as a connected component of the open set 
{x eVi\ Vi+i : $fc(a;) > -t} with 

dW,k{t) = SM U U ■ • • U (3.62) 

where the set Sik{t) = idW,k{t)) n Vi \ F^+i C {x e Vi : <l>k{x) = -t} 
separates U ■ ■ ■ U Af from U ■ ■ • U v4f*^^. By the Morse-Sard theorem 
(see Theorem 12. 2p applied to G W^iof(^); for almost all t G [ftj, the 
level set Sik{t) consists of finitely many C^-cycles. Moreover, by construction. 



V$fc-nds = -y \V^k\ds<0, (3.63) 

where n is the unit outward normal vector to dWik{t). As before, we call 
such values t G [ftj, |ti] {k,i) -regular. 

Since $ 7^ const on Vi, from f l3.28p it follows that j dx > for each i, 

and taking into account the weak convergence cu^ ^ w in L^(fi) we get 

Lemma 3.11. For every i G N tiiere exist constants Ei > 0, (5j G (0, 5o) and 
k[ E'H such that J uldx > Ei for all k> k[. 

Now, we can prove 

Lemma 3.12. Assume that C is a bounded domain of type (11. ip 
with C'^ -smooth boundary dQ, f G W^''^{Q), and a G iy^/^'^(9n) satisfies 
condition (II. 3p . Tien assumptions (E-NS) and (I3.18P iead to a contradiction. 



Proof. The proof of this Lemma is similar to that of Lemma 13.81 How- 
ever, the situation now is more easy, since we separate Vi from the whole 
boundary dQ. Fix i G N and assume that k > ki (see fl3.3ip ). For a {k,i)- 
regular value t G [|ti, |tj] consider the domain 



n,k{t) = Wikit)uv 



i+i- 
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By construction, dflikit) = Sikit). Integrating identity fl3.53p over flik(t), we 
obtain 



0> / V$fc -11^5= / uldx-l / $fcUfc-n(is 



1 

Sikit) ^ik{t) Sik(t) 

/ ffc ■ Ufc (ix = / Luldx / Uk ■ nds 

^k J J ^k J 

^ik{t) nikit) Sikit) 

/ ffc ■ Ufc = / uldx / ffc ■ Ufc dx, 

^k J J ^k J 

nikit) nikit) n^kit) 

and, as before, we have a contradiction with Lemma 13.111 □ 



(3.64) 



Proof of Theorem I I.IL Let the hypotheses of Theorem II. ll be satisfied. 
Suppose that its assertion fails. Then, by Lemma 13. H there exist v, p and 
a sequence {uk,Pk) satisfying (E-NS), and by Lemmas 13.121 and 13.91 these 
assumptions lead to a contradiction. □ 



4 Axially symmetric case 

First, let us specify some notations. Let 0x^^,0x2, Ox^ be coordinate axis in 
and 9 = arctg(x2/xi), r = (xf + x^)^^^, -2 = X3 be cylindrical coordinates. 
Denote by vq, Vr, the projections of the vector v on the axes 6, r, z. 

A function / is said to be axially symmetric if it does not depend on 6. 
A vector-valued function h = [hr, hg, h^) is called axially symmetric if h^, 
hg and do not depend on 6. A vector-valued function h' = {hr, hg, h^) is 
called axially symmetric without rotation ii hg = {] while h^ and h^ do not 
depend on 6. 

The main result of this section is as follows. 

Theorem 4.1. Assume that C is a bounded axially symmetric domain 
of type (HJP with C^-smooth boundary dil. If f G W^'^{n), a e W^/^'\dn) 
are axially symmetric and a satisfies condition f ll.3p . then fll.2p admits at 
least one weak axially symmetric solution. Moreover, if f and a are axi- 
ally symmetric without rotation, then (11. 2p admits at least one weak axially 
symmetric solution without rotation. 

Using the "reductio ad absurdum" Leray argument (the main idea is 
presented in Section 13.11 for the plane case; specific details concerning the 
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axially symmetric case can be found in fT6]), it is possible to prove the 
following 

Lemma 4.1. Assume that f2 C is a bounded axially symmetric domain 
of type (ll.ip with C"^ -smooth boundary d^, f = curl b, b G ly^'^(fi), a G 
14/3/2,2 ^^^^ are axially symmetric, and a satisGes condition (11. 3p . If the 
assertion of Theorem I4.il is false, then there exist v,p with the following 
properties. 

(E-AX) The axially symmetric functions v e p G W^'^^'^{Q.) 

satisfy the Euler system (13. lip . 

(E-NS-AX) Condition (E-AX) is satisfied and there exist a sequences 
of axially symmetric functions G W^''^{fl), pk G W^''^{Q) and numbers 
Vk 0+, Afc Ao > such that the norms \\uk\\wh2(n), Ibfell wi>3/2(n) are 
uniformly bounded, the pair (uk,Pk) satisfies f lS.lOp with = f , = 
^ a, and 

||Vufc|U2(f,) ^ 1, ufc-v in W^'\9), pk^p in W^'^^^n). (4.1) 

Moreover, G l^fi(fi) and G <f (1^). 

As in the previous section, in order to prove existence Theorem 14. H we 
need to show that conditions (E-NS-AX) lead to a contradiction. 

Assume that 

r,no,3^0, j = o,...,M', 

r,nO,3 = 0, j = M' + l,...,Ar. 

Let P+ = {(0,X2,X3) : X2 > 0, X3 G M}, V = nn P+. Obviously, on P+ 
the coordinates X2,x^ coincide with the coordinates r, 

For a set A C put A := A fl P+, and for B C P+ denote by B the set 
in M.^ obtained by rotation of B around O^-axis. 

One can easily see that 

(Si) "D is a bounded plane domain with Lipschitz boundary. Moreover, f j 
is a connected set for every j = 0, . . . , A^. In other words, {Tj : j = 0, . . . , A^} 
coincides with the family of all connected components of the set P+ fl &D. 
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Hence, v and p satisfy the following system in the plane domain V: 

or 

0, 



r 


dVr 

or 


dVr 

+ ^^^ 
OZ 


dp 


or 


Oz 


dz 


VgVr 

r 


dve 
Or 


dve 
oz 




d{rvr) 


1 d{rvz) 
dz 




dr 



(4.2) 



0, 
= 



(these equations are satisfied for almost all x G P ) and 

v(x) = for i^^-almost all x E P+n dV. (4.3) 
We have the following integral estimates: v G Wi^^{V), 

j r\Vw{r,z)\^ drdz < oo, (4.4) 



and, by the Sobolev embedding theorem for three-dimensional domains, 
V G L^{n), i.e., 

r\\'{r, z)\^ drdz < oo. (4.5) 



Also, the condition Vj9 G L^^'^{ri) can be written as 

J r\Vp{r, z)]^^"^ drdz < oo. (4.6) 
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4.1 Some previous results on Euler equations 

The next statement was proved in [T2l Lemma 4] and in [H Theorem 2.2]. 
Theorem 4.2. If conditions (E-AX) are satisGed, then 

Vj G {0, 1, . . . , A^} 3p,- G M : p{x) = pj for Sj'^-almost all x G Tj. (4.7) 
In particular, by axial symmetry, 

p{x) = pj for Sj^ — almost all x G tj. (4.8) 
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The following result was obtained in [T6] . 

Theorem 4.3. If conditions (E-AX) are satisfied, then po = ■■■ = pm', 
wliere pj are the constants from Theorem \4.2[ 

We need a weak version of Bernoulli's law for a Sobolev solution (v,p) to 
the Euler equations fl4.2p (see Theorem 14.41 below) . 

From the last equality in fl4.2p and from fl4.4p it follows that there exists 
a stream function tjj E W^^^{V) such that 

— = -rf^, — = rvr. (4.9) 

Fix a point x^, G "D. For e > denote by the connected component of 
P n {(r, 2;) : r > e\ containing x^. Since 

i) G ly^'^(Pe) Ve > 0, (4.10) 

by Sobolev embedding theorem, ■?/' G CiT)^. Hence ^/^ is continuous at points 
oiV\0^ = p \ {(0,z) : 2 G M}. 

Lemma 4.2. [cf. Lemma [3.3j If conditions (E-AX) are satisfied, then there 
exist constants ^0, ■ ■ ■ ,(,n G M such that ip^x) = on each curve Tj, j = 
Q,...,N. 

Proof. In virtue of (14. 3p . (14. 9p . we have Vip{x) = for ^-almost all 
X G &D \ Oz- Then the Morse-Sard property (see Theorem 12. 2 p implies that 

for any connected set C C dV \ 3 a = a{C) G M : 'il>{x) = a Wx E C. 

Hence, since f ^ are connected (see (Si) ), the lemma follows. □ 

|V|2 

Denote by $ = j9 H — — the total head pressure corresponding to the 
solution (v,p). Obviously, 

j r\V^{r,z)\^/'^ drdz < 00. (4.11) 

V 

Hence, 

$ G W^'^/'^iV,) ye > 0. (4.12) 

Applying Lemmas 12.11 12. 2[ and Remark 12.21 to the functions v, ip, ^ we 
get the following 



30 



Lemma 4.3. If conditions (E-AX) hold, then there exists a set (I'D such 
that: 

(i) 9j\A^) = 0; 

(ii) for all x = {r, z) e V \ A^, 

lim-f |v(2;) - v(x)|^(iz = lim -/ \(^{z) - (^{x)\'^dz = 0, 

moreover, the function ip is differentiable at x and 'Wip{x) = 
{-rvz{x),rvr{x)); 

(iii) for every e > there exists a set U C with io^(f/) < e. Ay, C U, 
and such that the functions v, $ are continuous on V\{U U Oz)- 

The next two results were obtained in flGl. 



Theorem 4.4 (Bernoulli's Law). Let conditions (E-AX) be valid and let A^ 
he a set from Lemma 14.31 For any compact connected set K G T> \ 0z the 
following property holds: if 

ip\j^ = const, (4-13) 

then 

$(xi) = $(x2) for all xi, X2 e K \ A,,. (4.14) 

We also need the following assertion from [16] concerning the behavior of 
the total head pressure near the singularity axis Oz- 

Lemma 4.4. Assume that conditions (E-AX) are satisfied. Let Ki he a 
sequence of compact sets with the following properties: Ki C 'D\Oz, iplxi = 
const, and lim inf r = 0, lim sup r > 0. Then ^{Ki) po as i oo. 

Here we denote by ^{Ki) the corresponding constant Cj G M such that 
$(a;) = Cj for all x E Ki\ Ay, (see Theorem I4.4p . 

4.2 Obtaining a contradiction 

We consider three possible cases. 

(a) The maximum of $ is attained on the boundary component intersect- 
ing the symmetry axis: 

Po = max Pj- = esssup $(a;). (4.15) 

j=0,...,N 
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(b) The maximum of $ is attained on a boundary component which does 
not intersect the symmetry axis: 

Po < Pn = max pj = esssup$(a;), (4.16) 

(c) The maximum of $ is not attained on dQ: 

max Pj < esssup (4-17) 

j=0,...,N ^izQ 

4.2.1 The case ess sup <l>(x) = Po- 

Let us consider case fl4.15p . Adding a constant to the pressure p, we can 
assume, without loss of generahty, that 

Po = ess sup $(a;) = 0. (4-18) 

Since the identity po = pi = ■ ■ ■ = pn is impossible (see Corollary 13. H 
which is valid also for the axial-symmetric case), we have that pj < for 
some j G {M' + 1, . . . , A^} (recall, that by Theorem 14.31 Po = ■ ■ ■ = Pw = ). 

Now, we receive a contradiction following the arguments of [16], [15]. For 
reader's convenience, we recall these arguments. From equation fl3.11li ) we 
obtain the identity 

= X ■ Vp(x) + X ■ {y{x) ■ V)v(a;) 

= div \xp{x) + (v(x) • x) v(x)] — p{x) divx — |v(x)p (4.19) 
= div \xp{x) + (v(x) ■ a;)v(a;)] — 3$(a;) + ||v(a;)p. 

Integrating it over f2, we derive 

0> y [3$(x) — -|v(a;)p] dx— = Jp{x)[x-nj ds = ^^pjj (x ■ n) ds 

n an 

N N 

= — '^^Pj / divxdx = — 3^^pj|fij| > 0. 
The obtained contradiction finishes the proof for case (14.151) . 
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4.2.2 The case <Pn = ess sup 

Suppose that (14.161) holds. We may assume, without loss of generality, that 
the maximum value is zero, i.e., 

Vq <Vn = max pj = esssup$(x) = 0. (4.20) 

From Theorem 14.31 we have 

Po = ---=Pm' <0. (4.21) 

Change (if necessary) the numbering of the boundary components Tm'+i, 
. . . , Fat-i so that 

pj <0, J = 0, . . . , M, M > M', (4.22) 

PM+i = ---=pN = 0. (4.23) 

The first goal is to remove a neighborhood of the singularity line 
from our considerations. Then, we can reduce the proof to the plane case 
considered in Subsection 13.3.11 

Take tq > such that the open set = {{r, z) eV : r > e} is connected 
for every e < tq (i.e., is a domain), and 

f J- C Dro and inf r > 2ro, j = M' + 1, . . . , N, 

Tj n is a connected set (4.24) 
and sup r > 2ro, j = 0, . . . , M', e G (0, tq]. 

Let a set C C separate f « and f ^ in V^, i.e., f » fl and Tj fl lie 
in different connected components of \ C . Obviously, for e G (0, tq] there 
exists a constant 5{e) > such that the uniform estimate sup r > 6{e) holds 

ir,z)eC 

(see Fig. 2). Moreover, the function 6{e) is nondecreasing. In particular, 

S{e)>6{ro), e e {0,ro]. (4.25) 

By Remark 12.41 and Lemma 14. 2[ we can apply Kronrod's results to the 
stream function ip\x>^, £ ^ (0,'ro]. Accordingly, T^^^ means the corresponding 
Kronrod tree for the restriction ip\t,^. Define the total head pressure on T^^g 
as we did in Subsection 13.3.11 Then the following analog of Lemma [3. 5 1 holds 
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Lemma 4.5. Let A,B G T^,e, where e G (0,ro], diamA > 0, and 
diami? > 0. Consider the corresponding arc [A,B] C T^^e joining A to B 
(see Lemmas \2.3\ 12.41 ). Then the restriction ^\[a,b] is a continuous function. 

The lemma is proved using the argument of Lemma 13.51 and taking into 
account the above definitions, Theorem 14.41 and the continuity properties of 
$ (see Lemma [4.31 (iii)) )• 

Denote by Bq, . . . , Bf^ the elements of T^^^ such that Bj D tj fl V^, 
j = 0, . . . , M', and D tj, j = M' + 1, . . . , N . By construction, $(5j) < 
for j = 0, . . . , M, and <l>(5j) = for j = M + 1, . . . , A^. For r > let Lr be 
the horizontal straight line Lj. = {{r, z) : z & M}. We have 

Lemma 4.6. There exist r^, G (0, tq] and Cj G [Bj*, -B]^], j = 0, . . . , M, such 
that $(Cj) <0 andCr]Lr.^ = fD for all C G [Cj, B'^]. 

Proof. Suppose that the lemma fails for some j = 0, . . . , M. Then 

it is easy to construct — > and G [By , 5]^] such that fl L,. . 7^ 
and ^{C') 0. Since by Km po < 0, we have $(C^) ^ po- By (14^51) . 
sup r > 5(ro). Therefore, we have a contradiction with Lemma (4.41 and 

(r,2:)eC' 

the result is proved. □ 

Lemma 14.61 allows us to remove a neighborhood of the singularity line 
from our argument. Thus, we can apply the approach developed in Subsec- 
tion [3311] for the plane case. Put, for simplicity, = T^,r. and Bj = Bj*. 
Since dVr^ C BqU ■ ■ ■ U B^ U Lr^ and the set {Bq, . . . , B^} C is finite, 
we can change Cj (if necessary) so that the assertion of Lemma 112] takes the 
following stronger form: 

Vj = 0, . . . , M G [Bj, B^l $(C,) < 0, (4.26) 

and 

C n dVr, =^ yC e [Cj, Bn]. (4.27) 

Observe that Tj fl 7^ for j = 0, ... , M'. Therefore, if a cycle C E T^ 
separates F^v from Fq and C ndV^, = 0, then C separates from F^ for all 
j = 1, . . . , M'. So we can take Cq = ■ ■ ■ = Cm' (see Fig. 2) and to consider 
only the Kronrod arcs [Cm', B^], . . . , [Cat, -Bat]- 
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Figure 2. The domain V for the case M' = 1, N = 2. 
Recall that a set Z C has T-measure zero, if i^^({'?/'(C) : C G Z}) = 0. 

Lemma 4.7. For every j = M', . . . , M, T-almost all C G [Cj, B^] are C^- 
curves homeomorphic to the circle. Moreover, all the functions ^k\c are 
continuous and the sequence {^k\c} converges to $|c uniformly: ^k\c ^ 

The first assertion of the lemma follows from Theorem 12.21 (iv) and 
(14.271) . The validity of the second one for T-almost all C G [Cj,B]\r] was 
proved in [TU Lemma 3.3]. 

Below we will call regular the cycles C which satisfy the assertion of 
Lemma 14.71 

From Lemmas 14.71 and 13.61 (which is also valid for the axially symmetric 
case) we obtain 

Corollary 4.3. For each j = M', . . . , M, we have 

iO^({$(C) : C G [Cj,i?Ar] and C is not a regular cycle}) = 0. 

As in the plane case (see Subsection I3.3.ip . we can take a sequence of 
positive values ti with tj+i = ^tj, the corresponding regular cycles G 
[Cj, Bn] with ^{Aj) = —ti, and the sequence of domains Vi C Vr, with 

dVi = Af U ■ ■ ■ U U f U ■ ■ • U f ^, (4.28) 
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where > M + 1 is independent of i. 

By the definition of regular cycles, we have again estimates fl3.31l) - fl3.32l) 
for k >ki. Accordingly, for k > hi and t G ^ti] we can define the domain 
Wik{t) as a connected component of the open set {x E Vi\Vi+i : ^ki^) > —t} 
with 

dW,k{t) = S,k{t) U A>i U ■ ■ ■ U Afl„ (4.29) 

where the set Sikit) = {dWik{t))nVi\V i+i C {x e Vi : = -t} separates 

Af U---UAf from Af^^ U ■ ■ -UAfl^. Since e W^^^in) (see (E-NS-AX) ), 
by the Morse-Sard theorem (see Theorem 12.21) . for almost all t G the 
level set Sik{t) consists of finitely many C^-cycles and is differentiable (in 
classical sense) at every point x G Sik{t) with V$fe(x) 7^ 0. Therefore, Sikit) 
is a finite union of smooth surfaces (tori), and by construction. 



V$fe-nd5 = - J |V$fc|d^<0, (4.30) 

where n is the unit outward normal vector to dWik{t) (recall, that for a set 
-B C P+ we denote by B the set in obtaining by rotation of B around 
O^-axis). 

For h > denote = {x E Q : dist(x, U ■ ■ ■ U T j^) = h)} , = {x E 
fl : dist(x, Tk U ■ ■ ■ U Ftv) < h)}. Since the distance function dist(a;, dQ) is 
C^-regular and the norm of its gradient is equal to one in the neighborhood 
of dfl, there is a constant 5o > such that for every h < 5q the set Vh is a 
union oi N — K + 1 C^-smooth surfaces homeomorphic to the torus, and 

i3'(r/,)<Co V/iG(0,(5o], (4.31) 

where the constant cq = 2)9)"^ (Tk U ■ • ■ U Fat) is independent of h. 
By a direct calculation, f l4.2p implies 

V$ = V X a; in (4.32) 

where uj = curlv, i.e., 

. dve dvr dv^ Vg dvg. 

uj = {ujr,uje,(^z) = { — ^ 7-, \-^)- 

oz oz or r or 

Set uJk = curlufc, u{x) = |<^(a;)|, ujk{x) = \u!k{x)\. Since $ 7^ const on Vi, 
( 14.32P implies Jy u"^ dx > for every i. Hence, from the weak convergence 
Ljfc ^ a; in L^(f2) it follows 
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Lemma 4.8. For any z G N there exist constants Si > 0, (5j G (0, 5q) and 

k[ G N such that J uldx > Si for all k>k[. 

Now we are ready to prove the key estimate. 

Lemma 4.9. For anyi G N there exists k{i) G N such that for every k > k{i) 
and for almost all t G the inequality 

j \\/^k\dS < J^t, (4.33) 

holds with the constant T independent of t, k and i. 

Proof. Since the proof of this lemma is similar to that of Lemma [3^8] for 
the plane case, we comment only some key steps. 

Fix i G N. Below we always assume that k > ki (see f l3.3ip ). Since 
we have removed a neighborhood of the singularity line Oz, we can use 
the Sobolev embedding theorem in the plane domain D^*- In particular, 
from the uniform estimate ||$fc||iyi'='/2(x',.j ^ const we deduce that the norms 
||'^'fc||L6(Dr,) uniformly bounded. Consequently, by the Holder inequality 
||$fcV<I>fc||2,6/5(x),,j < const, and this implies 

||$fcV$fc||^6/5(^,,j < const. (4.34) 

Fix a sufficiently small a > (the exact value of a will be specified below) 
and take the parameter 6cr G (0,5^] (see Lemma [4.8p small enough to satisfy 
the following conditions 

ns.nAl = ns.nAl, = (H, j = m',...,m, (4.35) 



J ^IdS < V/i G (0, 5^] Mk > k' . (4.36) 

(the last estimate follows from the identity $|rKU---urjv = O5 weak conver- 
gence <l>fc ^ $ in the space W^^'^/^(fi), and f l4.34p ). 
By a direct calculation, f l3.10p implies 

V$fc = -i/fccurl cjfc + CLJfc X Ufc + ffc = -z/fccurl 0;^ + a;^ x H ^ curl b. 
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By the Stokes theorem, for any C^-smooth closed surface S G fl and g G 
W'^''^{Q) we have 

curlg ■ ndS = 0. 
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So, in particular, 

V$A: -ndS = I {uJk X Uk) ■ ndS. 



Now, fix a sufficiently small e > (the exact value of e will be specified 
below). For a given sufficiently large k > k' we make a special procedure to 
find a number /i^ G (0, 5o-) such that the estimates 



< 2 / |ufe| ■ iVufcl rf5 < e, (4.37) 



y |u,|2ci5<C2(£)i/fc' (4.38) 



hold, where C2(£) is independent of k and a. This procedure exactly repeats 
the argument lines of the proof of Lemma 13.81 

The final part of the proof is identical to that of Lemma 13. 8[ We have 
to integrate formula f l3.53p (which is valid for the axially symmetric case as 
well) over the three-dimensional domain ^^/^^.(t) with dVLij^^it) = F^^ USik{t). 
This means that we have only to replace the curves Sik{t) by the surfaces 
Sik(t) in the corresponding integrals. □ 

Now, we obtain a contradiction by repeating word by word the proof 
of Lemma 13.91 and replacing the one-dimensional Hausdorff measure by the 
two-dimensional one, and the curves Sik{t) by the surfaces Sik{t) in the 
corresponding integrals. 

4.2.3 The case esssup$(a;) > max m. 

xen j=o,...,N ^ 

Assume that fl4.17l) is satisfied and set a = max Then, as in the proof 

j=0,...,N 

of Lemma I3.10[ we can find a compact connected set F G'D\Av such that 
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diam(F) > 0, V'If = const, and > a. Without loss of generality, we 

may assume that a < and ^{F) = 0. Since now it is more difficult to 
separate F from &D by regular cycles (than in Lemma I3.10p . we have to 
apply the method of Subsection I4.2.2I Namely, take a number tq > such 
that F C -Dro, the open set = {{r, z) E V : r > e} is connected for 
every e < tq, and conditions f l4.24p are satisfied. Then for e G (0,ro] we can 
consider the behavior of $ on the Kronrod trees T^^s corresponding to the 
restrictions ip\f)^- Denote by F^ the element of T^^e containing F. Using the 
same procedure as in Subsection I4.2.2[ we can find G (0, vq] such that the 
following lemma holds. 

Lemma 4.10. There exist Cj G F'^*], j = 0,...,N, such that $(Cj) < 
and C n Lr, = for all C G [Cj, F'^*] . 

Set = T^^r,, F* = F^% and Bj = Bj*, i.e., Bj G and Bj D tjCiVr,. 
As above, we can change Cj (if necessary) so that Lemma 14.101 takes the 
following stronger form: 

Vj=0,...,M Cje[Bj,F*], $(Q)<0, 

cndVr, = ^ vcg[Cj,f*], 

and 

Co = ■ ■ ■ = Cm'- 

The rest of the procedure of obtaining a contradiction is done in the same 
way as in Subsection 13.3.21 Namely, we need to take positive numbers ti = 
2^Hq, regular cycles Aj G [Cj,F*] with $(A|) = -ti, and the set Sik{t) with 
^k\s,k{t) = -t separating Af' U ■ ■ ■ U Af from U ■ ■ ■ U A^^, etc. The 
only difference is that we have to integrate identity fl3.53p over the three- 
dimensional domains flik{t) with dQik{t) = Sik{t). 

Proof of Theorem 14. 11 Let the hypotheses of Theorem 14. II are satisfied. 
Suppose that its assertion fails. Then by Lemma [4.11 there exist v,p and a 
sequence (ufc,pfc) satisfying (E-NS-AX). However, in Subsections I4.2.1H4.2.3I 
we have shown that assumptions (E-NS-AX) lead to a contradiction in all 
possible cases f l4.15p - fl4.17l) . This finishes the proof of Theorem 14. 1[ □ 

Remark 4.1. Let in Lemma 14.11 the data f and a be axially symmetric 
without rotation. If the corresponding assertion of Theorem 14.11 fails, then 
it can be shown (see [l_Q\) that conditions (E-NS-AX) are satisfied with 
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axially symmetric without rotation as well. But since we have proved that 
assumptions (E-NS-AX) lead to a contradiction in the more general case with 
possible rotation, we get the validity of both assertions of Theorem 14.11 

Remark 4.2. It is well know (see [20]) that under hypothesis of Theo- 
rems 11.11 14.11 every weak solution u of problem (11.21) is more regular, i.e. 
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